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Mixed spatial  flows of inf ini te-conduct ivi ty  gases in a longitudinal magnetic  field are  discussed.  A sma l l -  
per turba t ion  method is used to find approximate equations for the magnet ic  potential of the per turba t ion  
velocity for all  possible  mixed flows; some of the par t i cu la r  in tegrals  of these equations are  obtained. 

Mixed flows of ideally conducting gas in a longitudinal magnet ic  field were f i r s t  studied for the planar  case by 
Kogan [1], Peyre t  [2], and Seebass  [3]. These  s tudies  showed that the imposit ion of the magnetic  field leads to new 
mixed flows not previously  encountered in ord inary  gasdynamics .  These  resu l t s  have recent ly  been extended by Geffen 
[4], Ta j i r i  [5], and Gorski i  [6] to gas flows with axial symmetry .  

1. We cons ider  the s teady-s ta te  th ree -d imens iona l  adiabatic flow of a nonviscous,  ideally conducting gas. We 
assume that the gas p a r a m e t e r s  are  uniform and the magnetic  field intensi ty  H is pa ra l l e l  to the flow velocity q at an 
infinite dis tance ups t ream.  Then, as Imai  [7] has shown, H and q are  col l inear  everywhere in the flow, and the gas 
motion is descr ibed  by 

~Tpq=0,  V •  -~qi ~ +  k+la pP - -const ,  (1.1) 

where p is  the gas densi ty,  k is the adiabatic exponent, and A is the AIfv6n number .  
It follows from the second equation in sys tem (1.1) that there exists  a magnet ic  velocity potential ~ such that 

0o O0 ( i - - A - Z ) v x ,  ~ = ( l - - A - 2 ) v u ,  - ~ - = ( I - - A - 2 ) v ;  (1.2) - - ~ - - =  

where v x, Vy, v z are  the velocity components para l le l  to the axes of the Car tes ian  coordinate system. Then the f i r s t  
equation (1.1) is converted to 

L (q) = M -2 (A~i ~ M ~ - -  A *) , (1.3) 

where the subscr ip t s  on the potential  denote different ia t ion with respec t  to the corresponding coordinate,  and M is the 
Mach number .  Exactly the same equation of motion, in different  form, was obtained ea r l i e r  by Imai  [7] and Yur 'ev  

[S]. 

Equation (1.3) is a d i f ferent ia l  equation of the mixed type; as is not difficult  to see, its type changes at the 
sur face  at which M = 1, A = 1, M 2 + A z = 1. Here,  as in the planar  and axial ly symmet r i c  cases ,  there are  therefore 
three t r ans i t ion  regions in which the flow is highly nonl inear ,  so the ord inary  l inear iza t ion  method [9] cannot be 
applied in these regions.  Nonl inear i ty  is also displayed nea r  the parabol ic -degeneracy  surface M = A = 1 of Eq. (1.3). 
We seek approximate equations of motion for each t rans i t ion  region. 

2. The sma l l -pe r tu rba t ion  method yields s impler  approximate equations of motion in the t rans i t ion  regions ,  
which never the less  r e t a in  the nonl inear i ty .  We set 

v~ ~ q ,  (t  + u),  vv ~ -  q . v ,  v~ ~ q , w  . (2.1) 

where u, v, and w are  the components  of the per turbat ion  velocity, and the as te r i sk  subscr ip t  denotes the cr i t ica l  
value of the given quantity cor responding  to some t rans i t ion  mode. Then der iva t ives  (1.2) can be wri t ten 

(:I) x ~ q ,  ( t  - -  A -2) ( t  ~- U), (:I)y ~ q. (t --  A-2)v ,  (D~ --- q ,  (t --  A - ~ ) w .  (2.2) 
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We now i n t r o d u c e  the  m a g n e t i c  p o t e n t i a l  go of the  p e r t u r b a t i o n  v e l o c i t y :  

q) = q ,  [(l - -  A ,-*)x + ~], O~: = q ,  ( t  - -  A ,  - * + ( p ~ ) ,  

(1)u ~ q*(Py, (I)z ~ q*tPz . (2.3) 

C o m p a r i n g  (2.2) and  (2.3) ,  we f ind 

q~ = u + A, -8  [1 - -  (1 + u)pp,~q,  ~y = (t - -  A, -~po, - I )v  
(Pz = (t - -  A, -~pp, - t )w . (2.4) 

T o  f ind t he  a p p r o x i m a t e  e q u a t i o n  f o r  any  t r a n s i t i o n  m o d e ,  we s u b s t i t u t e  the  v a l u e s  in  (2.3) in to  E q .  (1.3); t he  
f u n c t i o n  L(q) i s  a l s o  e x p r e s s e d ,  by  m e a n s  of  Eqs .  (2.4) ,  i n t e r m s  of  t h e  d e r i v a t i v e s  of the  p o t e n t i a l  go, and  the  l e a d i n g  
t e r m s  a r e  r e t a i n e d  in it.  

F o r  the  t r a n s o n i c  r e g i o n  (M ~ 1), a s s u m i n g  t h a t  

x ---- O (1), y --~ O (~-",), z ~--- 0 (e-",), (p = O (s'~*), (2.5) 

we h a v e  

ev = (t - -  A, -Z )v ,  ~, = (t  - -  A , - ~ ) w  , , ~  - -  u, (2.6) 

and  the  t r a n s o n i c  e q u a t i o n  of m o t i o n  b e c o m e s  

(k + t )  (t - -  A.-~)q~qD~ - -  q)uu - -  r = 0 ; (2.7) 

in  E q s .  (2.5) e i s  a s m a l l  p a r a m e t e r .  W h e n  t he  m a g n e t i c  f i e ld  d i s a p p e a r s  (A ,  = oo), t h i s  e q u a t i o n  c o n v e r t s  to the  
f a m i l i a r  K ~ r m S n  e q u a t i o n .  

In t he  h y p e r c r i t i c a l  r e g i o n  (M 9 + A 2 ~ 1), i n t r o d u c i n g  t he  v a l u e s .  

x = O ( l ) ,  V--~O(d/ ' ) ,  z-----O(d'0, r  . (2.8) 

we f ind 

9~ = :/~ra [3 + (k - -  2)M,~lu ~, q~v "~- -- ray, 

ra = M ,  ~ (t - -  M,Z) -1 ; 

f r o m  (1.3) we f ind the  h y p e r c r i t i c a l - f l o w  e q u a t i o n :  

ntp~ (cp~ v + ~=)~ - -  q ~  -= 0, 

In the  t r a n s - A l f v 6 n  r e g i o n  (A ~ 1) we s e t  

x =  0 ( t ) ,  

~ z =  - - r a w  , (2.9) 

n = 2 M ,  - 2 ( l - M , ~ )  -113 + ( k - - 2 ) M ,  2] 

y = O ( s - s ) ,  z = O ( 8 - ~ ) , ~ = O ( e ~ ) ;  

t h e n  we h a v e  

(Px = M . ~ W ,  q)u = M *  ~vW, r M , 2 w W ,  

W =  u +1/2  ( §  + w ~) 

and  the  a p p r o x i m a t e  e q u a t i o n  f o r  the  t r a n s - A l f v ~ n  f low b e c o m e s  

[(f - -  M,-2)tp~ - -  ~v ~ - -  (pz~]q%~ + 2(P~cPu~u+ 

+ 2~pxq~*~P~z - -  q%~ (q~vu + qDz~) = 0 . 

F i n a l l y ,  in the  t r a n s o n i c - ( t r a n s - A l f v 6 n )  r e g i o n  (M ~ 1, A ~ 1), we h a v e  

x = O ( t ) ,  v = O ( ~ - s ) ,  z = O ( ~ - l ) ,  

and  the  e q u a t i o n  of m o t i o n  b e c o m e s  

(2.10) 

(2.11) 

(2.12) 
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(k + i ) ~  a - -  q%~ - -  % ~ 1 ~  + 2(pxq%q~xv + 2(p~q~,~, - -  q~2 (q~vv + %*) = 0 .  (2.13) 

It  is  e a s y  to s e e  that  the c o r r e s p o n d i n g  equa t ions  fo r  p lane  [3] and ax ia l ly  s y m m e t r i c  [6] m i x e d  f lows a r e  
ob ta ined  f r o m  Eqs .  (2.7), (2.10), (2.12), and (2.13) ~ts p a r t i c u l a r  c a s e s .  

3. We d i s c u s s  s o m e  p a r t i c u l a r  so lu t ions  of t he se  equa t ions  of mo t ion  in the  t r a n s i t i o n  r e g i o n s .  We f i r s t  c o n s i d e r  
the  t r a n s o n i c  equa t ions  (2.7); i t  has  the  i n t e g r a l  

q) = CtZ z + ~, [(Ct 2 ~- B)  y2 ~_ (ct2 __ B) Z 2] x ~- ~,2 ([i/6ct ((zz + B) -t- D ] y 4 +  

+ [tloa (a~ - -  B )  + DI z~ - -  6Dy~z z + C (y~ - -  zZ)}, (3.1) 

which  is  v e r y  s i m i l a r  to the so lu t ion  of R y z h o v  [10]. H e r e  ~ ,  B,  C,  D a r e  a r b i t r a r y  cons t an t s ,  and X = (k + 1)(1 - 
- A . -2 ) .  S ince  only e v e n  p o w e r s  of y and z a p p e a r  in Eq.  (3.1), the n o z z l e  f low which  they  d e s c r i b e  has  two s y m m e t r y  
p l anes ,  y = 0 and z = 0. Solu t ion  (3.1) con ta ins  as  p a r t i c u l a r  c a s e s  p l ana r  ( for  B = oz z, C = D = 0) and ax i a l ly  
s y m m e t r i c  ( for  B = C = D = 0) f lows  through a nozz le .  

We find the  p r o j e c t i o n  u of the p e r t u r b a t i o n  v e l o c i t y  on the x - a x i s :  

u = t P x =  2ax+~,[(a :~+B) v 2 + ( a  2 - B )  z~], (3.2) 

We s e e  that  the cons t an t  a is  p r o p o r t i o n a l  to the v e l o c i t y  g r a d i e n t  a long  the nozz l e  ax i s  (the x - a x i s ) .  We se t  c~ > 0; 
th is  m e a n s  tha t  the f low is  a c c e l e r a t e d  in the d i r e c t i o n  of  i n c r e a s i n g  x. F r o m  (3.2) we e a s i l y  find the shape  of the sonic  

s u r f a c e  u = O: 

z = - -  V2~ -1 (k + t ) ( t  - -  A . - ~ )  [(a~ + B)  y2 + (a~ - -  B)  z~], ( 3 . 3 )  

F o r  IB] > ~ ,  this  i s  a c c o r d i n g l y  an e l l i p t i c  pa rabo lo id ;  fo r  ]B] = ~2, i t  is  a p a r a b o l i c  cy l inde r ;  and fo r  ]B{ >o~ 2, i t  

is  a h y p e r b o l i c  pa rabo lo id .  Now,  u s ing  E q s .  (2.6), we find the s u r f a c e s  v = 0 and w = 0 f r o m  (3.1): 

y = O, x = - -  ~, (a  ~ + B) -x {[1/aa (a  2 + B)  + 21)] y2 _ 6 D #  + C) (~--- {3) ( 3 . 4 )  

g =  0 ,  X =  - -  ~, ((Z z - -  B )  -1  { [1 /3c t  ( a i  _ B )  -~ 2l)] z I - -  6Dy  ~ - -  C} (to----- 0) ,  ( 3 . 5 )  

T h e s e  s u r f a c e s  m a y  a c c o r d i n g l y  be e l l i p t i c  and h y p e r b o l i c  p a r a b o l o i d s  o r  p a r a b o l i c  c y l i n d e r s  and p lanes ,  which  

do not  in g e n e r a l  p a s s  th rough  the c e n t e r  of  the n o z z l e  (x = y = z = 0). 

To  find the c h a r a c t e r i s t i c s  x = x(y, z),  we have  

( ~ ) ~  + ( ~ ) '  = Xtp= = 2)~,-}-x, [(~, + B) y*''-}-(CL~'--B)z~'I, 

I t  fo l lows  that  the c h a r a c t e r i s t i c s  p a s s i n g  through the c e n t e r  of the n o z z l e  a r e  fou r  s u r f a c e s :  

= 1/, (k + I) (1 - -  A.'~) [(~ _+ l [ ~ , j  ~ + (~ +_ 1;5~--V:-- 4B) z~l. (3.6) 

I n t e r e s t i n g l y ,  fo r  A .  > 1 ( s u p e r - A l f v ~ n  flow) the shape  of  the son ic  s u r f a c e  and the c h a r a c t e r i s t i c s  a r e  
q u a l i t a t i v e l y  the s a m e  as  in o r d i n a r y  t r a n s o n i c  g a s d y n a m i c s  [10]. F o r  A .  < 1 ( sub-Al fv~n  flow), on the o the r  hand, 

t h e s e  s u r f a c e s  a r e  d i r e c t e d  oppos i t e  those  of the p r e v i o u s  ca se .  

We now w r i t e  down a p a r t i c u l a r  so lu t ion  for  the h y p e r c r i t i c a l - f l o w  equa t ion  (2.10): 

= 1/1~x3 + n -'j2 [(1/~a + B) y 2 + (1ha -- B) z~l, (3.7) 

w h e r e  ~ and B a r e  new a r b i t r a r y  cons tan t s .  T h i s  equa t ion  a l so  d e s c r i b e s  the f low n e a r  a t r a n s i t i o n  s u r f a c e  (M 2 + A 2 = 
= 1 of  a n o z z l e  with two s y m m e t r y  p lanes .  In p a r t i c u l a r ,  f o r  B = oJ4  and B = 0, we find f r o m  (3.7) i n t e g r a l s  g o v e r n i n g  
the f low th rough  p l ana r  and ax i a l ly  s y m m e t r i c  n o z z l e s ,  r e s p e c t i v e l y  [6]. Us ing  Eqs .  (2.9), we find the  c o m p o n e n t s  u, 

v,  and w: 

u : a n  -'/2 M , - Z x ,  v ~  2 n  - ' h  (t - -  M ,  -2) ( l / a n - I -  B )  g, w = 2 n  - ' h  (1 - -  M ,  -z) (x/4a - -  B), (3.8) 

It  fo l lows  that  the  t r a n s i t i o n  s u r f a c e  (u = 0) i s  the x = 0 p lane ,  whi le  v = 0 and w = 0 at  the  y = 0 and z = 0 p lanes .  

To  find the c h a r a c t e r i s t i c s  F(x,  y, z) = 0 we have  
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F2  _-- l f ~ z  (F~ + Fz~ ). (3.9) 

Since the de r iva t i ve  q~x of (3.7) is  equal to the q~x found for  the p l ana r  or  ax ia l ly  s y m m e t r i c  c a s e s ,  the c h a r a c t e r i s t i c s  
coming f rom the t r ans i t i on  su r f ace  a r e  a lso  the same.  These  a r e  accord ing ly  su r f aces  of ro ta t ion  fo rmed  by semicub ic  
pa r abo l a s  having cusp ida l  points  on the x= O plane and s y m m e t r y  axes  p a r a l l e l  to the x - a x i s :  

x3 - -  %a-ln -'/` [(y + c,)~ + (z + c~)'-] = O. ( 3 . 1 0 )  

where  Cl, c2 a r e  a r b i t r a r y  constants .  

tn conclus ion the author  thanks S. V. F a l ' k o v i c h  for  i n t e r e s t  in the study.  
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